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MO PAU

Tai liéu vé ham sd bién phitc, phép tinh todn nt, cac ham ddc biét khong
phdi la it, nhdt la sdach dugc cdc nude xudt bdn bang tiéng Nga va tiéng
Anh. T1 v nhién nhitng noi dung do thicong dwoc trinh bay thanh nhitng sach
chuyén khdo riéng ré, nhiéu tai liéu dicoc trinh bay rdt sdu sdc vé ly thuyét,
nhung phan bai tap lai khong c6 hodc ¢o thi qud it.

Dé ddp img yéu cau hoc tdp cua sinh vién va lam tai liéu gidang day ¢
hoc vién Ky thudt Quan. su, chiing toi bién soan chuyén dé gom cdc noi
dung da dugc néu va con ¢é phdn bai tdp sau méi noi dung hodc sau

moi chuong.
Noi dung cuia chuyén dé duoc trinh bay thanh 5 chuong:
Chuong I: Ham 5o bién sé phiic.
Chuong II: Tich phdan phitc va chui ham.
Chuong II1: Ly thuyét thang die va img dung.
Chuong IV: Phép tinh todn tui.
Chuwong V: Cdac ham ddc biét.

Tuy vao timg chuyén nganh dugc dao tao ma chuyén dé dwoc di sdu
vao nhitng noi dung cdn thiét nhdt, khong nhat thiét phai trinh bay tdt cd
cac phan dd duoc trinh bay.

Vi du: P61 voi chuyén nganh cong trinh qudn su, can nghién ciu cdc
phdn dnh xa bdo gidc ma giang it hon ¢ phan toan it hodc phan cdac ham
ddc biér.

Hay doi véi chuyén nganh dién ne thi nén nghién citu sdu: phép tinh
‘todn i va cdc ham ddc biét, ma khong phdi di sau phdn dnh xa bdo gidc.

Cé mor s phan dung cho sinh vién ne nghién citu nhu: Todn ti
Mikusinski hay cdc ham ddc biét,...



Tuy nhién phan bat bujc phdi truyén dat cho sinh vién la chuong I,
Il valll.

Tdc gid hy vong rang tai liéu dugc bién soan cé thé gép phan gitip cho -
viéc day va hoc moén todn chuyén dé nay tét hon va thugn loi trong
tham khao.

Chdc chdn, tai liéu khong tranh khoi thiéu sot, tdc gid rdt mong su
dong gop cua ban doc va dong nghiép.

Tac gia
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- CHUONG |1
SO PHUC VA HAM SO BIEN SO PHUC

§1. SG PHUC VA CAC PHEP TINH VE SO PHUC
1.1. Dang nhi thirc cua so phiic:
1.1.1. Dinh nghia: S6 phitc la biéu thitc dang:
Z=X+1.Yy |

Trong d6 x va y la nhimg sc‘i’th[_rc, con i duoc goi ladon vidovail=- 1.
S6 x va y dugc goi la phan thyc va phan 4o cua s6 phiic z, va duogc ky hiéu:

X =Re (x + IY)s y= Inl‘.\x +Y)

Néu y = 0 thi z = x triing véi s6 thuc, con néu x = 0 thi z = i.y 1a phan
thuan iy ao.

Hai s6.phifc z, = X, + 1 . y; VA Z, = X, + i.y, dugc goi 1 bing nhau:
X, + 1y, = X5 + 1.y, khi va chi thi:

X =Xpvay =Yy,

Hai s6 phic z,, z, dugc goi 1a lién-hgp véi nhau néu x, = x, vay, = - y,,
lic d6 ngudi ta ky hiéu so6 phic lién hgp cua z, = x, + 1.y, 1a z, = x, —iy,

Hay la: x+iy =x -1y
1.1.2. Cac phép tinh cua so phiic:

1. Phép cong: Téng hai s6 phuc: z, = X, + L.y, VA z, = X, + 1.y, 12 mot s6
phic z sao cho:

z=z,—fz,=(x,+x2)+i(y|+}’z)
Tir dinh nghia nay c6.thé kiém tra cdc tinh chét clia phép cong:
a) Phép cong c6 tinh chat giao hodn
2,+2,=2,+72,
b) Phép cdng c6 tinh chat két hgp:

2,+(2,+23)=(2,+2,) + 24



2. Phép nhan: Tich cua hai s6 phic z, va z, la mot \0 phtc z sao cho:
L=12,.7 = (XX - y1¥2) + 11Xy, + X5 )
Tir dinh nghia ¢6 t hé rit ra nhimg tinh chat ctia phép nhan:
a) Phép nhan co tinh chat giao hodn:
2, 2,=17, .7
b) Phép nhan c6 tinh chat két hop.
‘ (2, . 23) = (2, .2,) . 7;.
¢) Phép nhan c¢6 tinh chat phan phoi doi véi phép cong:
(2, +2,) . 2,=2, 2, + 2, 24
Néu z, va z, la cic sO thuc thi dinh nghia tich giong nhu s¢ thuc. Khi
z,=z,=ithitacé:z,z,=1.i=1=-1. |
RO rang, tich cua hai sO phic z, = x, + 1y, va z, = x, + 1y, duogc thuc
hién theo qui tic nhin binh thuong trong dai s6, trong d6 i = -1.
Pac biét: 2.z = x* + y* > 0 1a mot s6 thue khong am.
3. Phép chia: Thuong cua hai so phuc z, va z, (z, # 0) la mot s6 phic,
sao cho:

NI

2 MZa iV g YiX S XY

> 2 2 >
2 X>+Y> X5+ Yy>

Z=-
Z5.

NI

RO rang phép chia hai s6 phic duge thue hién nhd nhan cho tr s6 va
mau s6 cho z, va sau d6 thuc hién phép nhan binh thuong véi i’ = - 1.

1.1.3. Mdat phang phitc: Xét mdr phang voi hé truc toa do dé cdc vuong
8OC X0V.

Vi mdi diém M(x,y) tuong tng véi mot s6 phic duy nhit z = x + 1.y,
trong d6 phan thuc x va y tuong ung v6i hoanh do va tung do cta diém
M(x,y). Nguge-lai, tng v6i mbi s6 phic z = x + i.y) ta ciing chi ¢6 mot
diém trén mat phang xoy 1a M(x, y), trong d6 hoanh d¢ tung do tng véi
phan thuc va phan ao cua so phic z.

Nhu vay tap hop cic diém {M(x,y)} trén mat phiang xoy ¢6 su tuong
img don tri hai chiéu véi 1ap hop cdc so phite{z}. Mat phang (z) dugc biéu
8



dién twong tng véi tap cdc s phitc nhur thé ta goi 1a mat phang phic, va truc
ox dugc goi 1A truc thuc, cdn truc oy dugc goi 1a truc 4o ctia mat phang phiic.

1.2.  Dang licong gidc cua so phitc: sy
o - - ki ~F - ."
Ngoai dang nhi thic cua s6 phirc z, trong
nhiéu trudng hop ngudi ta thuong st dung
dang luong giac. Yool .z
Néu nhan truc ox lam truc cuc, goc toa
do lam goc cuc va r la ban kinh cuc, ¢ la goc o
cuc cua diém z thi ta ¢6: z = X + i.y = r(cos@ . >
+ ising) 0 X X
Bén kinh cuc r dugc goi 1a mo dun cua s .
' ¢ BC Hinh 1.1

phitc z va duoe ki hiéu: I1ZI, géc ¢ - duoc goi
la argumen va dugc ki hiéu: Argz.
e ey
asctg % +2kn (goc I va IV)
Argz = X
arctg Yy (2k +1)m (goc II va III)
X
trong do6 arctg la gia tri chinh cua Artg va tg(arctg XJ =2 (x# 0) Tur
X) X

do ta c6: argz = arctg Y néux>0
X

argz = —n+artgi néux<0,y<0.
. X

Ngoai ra, tir dinh nghia argz ta cé:

argz:g—né'ux=0,y>0

argz:—g néux=0,y<0

Chi y rang, nhanh chinh cla argz bi gian doan trén nita truc am; khi z
tién gan dén nira truc am & phia trén argz tién dén + =, va khi z ti€n dén
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phia du6i nira truc am thi arg z tién dén - ©. Tai nhing di¢m con lai cila mat
phéng phitc (trir z = 0) hAm nay lién tuc.

Tir dinh nghia cac ham Argz va argz, ta cé:
Argz=argz+2km,keZ
Tir diéu kién bing nhau ctia hai s phifc z, va z, cho trong giai doan do
cuc, ta co: '
lz,| =1z, argz, = argz,
Argz, = Argz, + 2kn

Va: 7=z

,argz = —argz(argz # m)

Dé tinh todn d6i véi s6 phitc duoc thuan loi, sau day chiing ta xét céc
phép tinh nhan, chia, liy thira, khai can va logarit ctia s6 phic theo argumen
va mo dun:

1) Phép nhan: Tich clia hai s6 phiic:
Z,=r1,(cos @, +1sin @), Z, =1, (COS @, + 1sin @,)
dugce x4c dinh nhu sau:
2=12,7,=T1,T, [cos(®, + ¢2) + 1 sin (Q, + ¢2)]
nhuvay, lzl =1z, .z, =1zl . |z}l =1, . 1,
Argz= A rg(z, ) = Argz, + Argz, =@, + @2
Trong dé P, P2 vaQ,+ @, € (-, )
C6 thé biéu dién trén hinh hoc tich cha
hai s6 phic z, va z, (h.1.2)
Tir dinh nghia d6 ta c6 thé md rong cho
tich cdc s¢ phic:

=2 ..2,.

Dic biét tich cuia n s6 phic z 1a mot s6 phic w:

N

W=272.2..2=%2 Hinh 1.2

Neéu z =r (cos@ + ising)
Vidul:Khiz=itac:il=i.i=-1
10



-4 -3

p% . . . .
=i i=-,i*=1.i=1,....,

i

s4k

i :1’ 1 4k +3

4k + 1 — i, -I4k+2: -i,i

=-1.Keuz
Vi du 2: Khi z = cos +1i sin ¢ thi ta ¢6 cong thic
Moavro: (cos® + 1 sin )" = cosn@ + i sin no.

2) Phép chia: Thuong cua hai s6 phiic z, = r, (coso + 1 sin@) va sO phitic
Z, =T, (COs @, + 1sinQ,) # 0 duoc xac dinh nhu sau:

Z r .
z=20 = lecos(o, —0,)+isin(o, —0,)]
Nhur vay: s ___|21 | =L
' 12 |z, )
N R
Z,

3) Phép khai can: Can bac n (n nguyén duong) cua s6 phic z 1a mot s
phic w sao cho : w" =z, ki hiéu: w = 2z

Néu dat z=r (cos @ +1i sin ©), w=p (cos O +isin 0)
Thi ta co: p" (cos + 1 sin) =r (cos ¢ + 1 sin @), ta co:

pi=r, 0=+ 2kl k € z

hayla:  p=4T , G:w,kzo,l,l...,n~l
' n

Vi du 3: Tim tat ca cdc gid tri cia s6 phic w = 4/1+1

Loi gidicz=1+i= 2 (cos%ﬂsing} tir d6 ta c6:

n +2km T + 2km

w=31+1 :% 0054 4 +isin4—4~—

‘k=0,1223
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